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ABSTRACT
Massive exoplanets are observed preferentially around high metallicity ([Fe/H]) stars while low-mass
exoplanets do not show such an effect. This so-called planet-metallicity correlation generally favors
the idea that most observed gas giants at r < 10 AU are formed via a core accretion process. We
investigate the origin of this phenomenon using a semi-analystical model, wherein the standard core
accretion takes place at planet traps in protostellar disks where rapid type I migrators are halted. We
focus on the three major exoplanetary populations - hot-Jupiters, exo-Jupiters located at r ≃ 1 AU,
and the low-mass planets. We show using a statistical approach that the planet-metallicity correlations
are well reproduced in these models. We find that there are specific transition metallicities with values
[Fe/H]= −0.2 to −0.4, below which the low-mass population dominates, and above which the Jovian
populations take over. The exo-Jupiters significantly exceed the hot-Jupiter population at all observed
metallicities. The low-mass planets formed via the core accretion are insensitive to metallicity, which
may account for a large fraction of the observed super-Earths and hot-Neptunes. Finally, a controlling
factor in building massive planets is the critical mass of planetary cores (Mc,crit) that regulates the
onset of runaway gas accretion. Assuming the current data is roughly complete at [Fe/H]> −0.6,
our models predict that the most likely value of the ”mean” critical core mass of Jovian planets is
〈Mc,crit〉 ≃ 5M⊕ rather than 10M⊕. This implies that grain opacities in accreting envelopes should
play an important role in lowering Mc,crit.
Keywords: accretion, accretion disks — methods: analytical — planet-disk interactions — planets
and satellites: formation — protoplanetary disks — turbulence
1. INTRODUCTION
The rapid growth in the number of confirmed exoplan-
ets (& 1000) and candidates (& 3500 from the Kepler
mission) has opened several new frontiers in our un-
derstanding of planet formation (Mayor & Queloz 1995;
Marcy & Butler 1996; Udry & Santos 2007; Mayor et al.
2011; Batalha et al. 2013; Fischer et al. 2014). One of
these is being driven by the wealth of information con-
tained in the planet mass-semimajor orbital axis diagram
wherein three distinct planetary populations emerge: hot
Jupiters in tight orbits ≃ 0.1 AU, exo-Jupiters at inter-
mediateorbital radii ≃ 1 AU, and super-Earths between
1 and 10 Earth masses orbiting at small radii. Another,
which is the topic of this paper, is based on the cor-
relation between exoplanet masses and the metallicity of
their host stars. Gas giant planets (both the hot and exo-
Jupiters) are observed with higher probabilities around
stars with higher metallicities (high [Fe/H]∗), whereas
there is little or no dependence on metallicity for low-
mass planets such as super-Earths. The trend is known
as the ”planet-metallicity correlation”, and was origi-
nally suggested by radial velocity observations in the
cornerstone paper by Fischer & Valenti (2005) (see also
Gonzalez 1997; Santos et al. 2004; Bond et al. 2006). In
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these observations, the metallicity distribution of target
stars is approximately centered on [Fe/H]=0, so that the
planet-metallicity correlation is not merely a consequence
of the intrinsic distribution of stellar metallicities. Re-
cently, transit observations carried out by the Keplermis-
sion have found a similar correlation (although transit
observations in general infer the size of planets, not the
mass, e.g. Schlaufman & Laughlin 2011; Buchhave et al.
2012). Figure 1 reproduces the trend.3
The planet-metallicity correlation is usually inter-
preted as evidence in favor of the core accretion sce-
nario for the formation of Jovian planets. In this
model, gas giants are built in two successive stages:
the formation of rocky planetary cores by planetesi-
mal collisions via both runaway and oligarchic growth
(e.g., Wetherill & Stewart 1989; Kokubo & Ida 1998),
and the subsequent gas accretion onto these cores (e.g.,
Pollack et al. 1996; Lissauer et al. 2009) if the mass of
the planetary core grows to exceed a critical mass;Mc,crit
(e.g., Mizuno 1980; Ikoma et al. 2000). The planet-
metallicity correlation is a natural consequence of the
core-accretion model because the final mass of cores via
oligarchic growth increases with the solid density in pro-
toplanetary disks (Kokubo & Ida 2002; Thommes et al.
3 Note that the data of observed exoplanets are obtained from
the Extrasolar Planets Encyclopaedia (http://exoplanet.eu/) in
which the detections of a number of various surveys are combined.
As a result, there may be some biases in Figure 1, especially for
the radial velocity data at the high metallicity regime.
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2003) and the mass is the important parameter for initi-
ating the subsequent gas accretion (Ikoma et al. 2000;
Ida & Lin 2004a). Population synthesis calculations
based on this picture can generally reproduce the obser-
vational trend (Ida & Lin 2004b; Mordasini et al. 2012),
with most the observed gas giants predicted to form
within ∼ 10 AU from their central stars.
Further progress depends on the realization that the
value of the critical mass of planetary cores (Mc,crit)
is of central importance to this theory. The canonical
value for the core of Jovian planets at solar metallic-
ity is Mc,crit ≃ 10M⊕ (Pollack et al. 1996; Ikoma et al.
2000; Lissauer et al. 2009). Recent, more detailed studies
however, have shown that Mc,crit may be much smaller
than 10M⊕ (e.g., Hubickyj et al. 2005; Movshovitz et al.
2010; Hori & Ikoma 2011). At lower metallicities, it
is far from clear what its value should be. A larger
value of Mc,crit with increasing metallicity would im-
ply a metallicity-core mass correlation for massive plan-
ets. Low mass planets in our models may be regarded
as ”failed Jupiters” and arise by oligarchic growth (see
Hasegawa & Pudritz 2013) with a small amount of gas
accretion. In order to explain the metallicity trend for
low mass planets, the critical core mass would have to
be relatively independent of metallicity in this regime.
Do core accretion models indeed produce such a trend?
What implications do the observations have for such a
model?
In this paper, we apply our model for the formation
and evolution of exoplanetary systems to this problem.
Our theory is based on the growth of cores at planet
traps in evolving protoplanetary disks that we have de-
veloped in a series of earlier papers (Hasegawa & Pudritz
2011, 2012, 2013, hereafter HP11, HP12, HP13). In our
models, planet traps solve the basic problem of need-
ing to drastically slow down the rapid type I migration
of low mass planetary cores that is predicted in disks
with smoothly varying density and temperature struc-
ture (HP11). The coupling of planet growth by core
accretion to discrete, slowly moving traps (dead zones,
ice lines, and heat transition radius) in inhomogenous
disks gives rise to specific evolutionary tracks in the mass-
semimajor axis diagram (HP12). The statistical scatter
in the data and the existence of 3 planetary populations
can be reproduced by a two parameter set of these evo-
lutionary tracks (depending on distribution of disk life-
times, and masses) (HP13). In HP13, we developed a
statistical tool, the planet formation frequency (PFF), to
compute the percentage of evolutionary tracks from each
of these three ”feeder” traps, that contribute to each of
the 3 planetary populations. We then showed that the
model successfully explains the structure of the mass-
semimajor axis diagram, in particular that exo-Jupiters
at 1AU and super-Earth populations dominate at solar
metallicity.
Having demonstrated the consistency of our mod-
els with the populations in the mass-semimajor axis
diagram, we turn our attention here to the planet-
metallicity diagram. Of particular importance for un-
derstanding this correlation is the behavior of the critical
core mass (Mc,crit) as a function of metallicity. Given the
large scatter in the data, it is unlikely that there is a sin-
gle fixed number for Mc,crit at any metallicity. Our tech-
nique consists of adapting our statistical approach to evo-
lutionary tracks to compute the average value, 〈Mc,crit〉
as a function of metallicity. We do this by computing a
large number of evolutionary tracks and identifying the
value Mc,crit for each of these. The results depend upon
the grain opacity in the planetary envelopes surrounding
the cores, and we use the data to constrain this typical
value.
Three important results emerge from our work. The
first is that we find a planet-metallicity correlation for the
cores, thereby pinning down the relation observed for ex-
oplanets. The second is that we calculate the critical core
masses for a wide range of metallicities of exoplanets.
When applied to Jovian planets of solar metallicity, we
infer that 〈Mc,crit〉 ≃ 5M⊕ which has several interesting
consequences for models of exoplanetary structure. And
finally, we will show that low-mass planets are insensitive
to metallicity. This is consistent with the observations of
low-mass exoplanets, also known as super-Earths and/or
hot Neptunes and implies that a large number of such
observed planets can be formed as ”failed” cores of gas
giants and/or mini-gas giants.
The plan of this paper is as follows. In Section 2,
we summarize the literature involved with the critical
core mass as well as the associated gas accretion onto
the cores. In Section 3, we describe our semi-analytical
model that is used for simulating planet formation and
migration in gas disks, and discuss how the resultant
PFFs are estimated, based on the model. In Section 4,
we present our results and discuss the statistical proper-
ties of planetary populations that are affected by metal-
licity. In Section 5, we perform a parameter study for
examining how valid our findings are by varying key pa-
rameters. Also, we compare the results with the radial
velocity observations and examine how useful our calcu-
lations are for putting valuable constraints on theoretical
models. In Section 6, we discuss a number of implications
that can be derived from our results. Our conclusions are
presented in § 7.
2. THE CRITICAL CORE MASS AND SUBSEQUENT GAS
ACCRETION
We turn first to a brief summary about the critical core
mass as well as the relevant aspects of gas accretion that
have been developed in the literature so far. We then
present our prescription for them. The key quantities
are summarized in Table 2.
2.1. Background
The term ”critical mass of planetary core” was coined
in the early 1980’s (e.g., Mizuno 1980) in the context of
the core accretion picture in which the formation of gas
giants consists of two parts: rocky planetary cores form
via collisional growth by planetesimals, followed by gas
accretion onto the cores (e.g., Pollack et al. 1996). At
that time, purely hydrostatic calculations of gaseous en-
velopes around cores were performed which showed that
hydrostatic envelopes cannot be maintained beyond the
value of Mc,crit, and hence it was expected that efficient
gas accretion onto the cores proceeds afterwords. The
subsequent work in which quasi-static evolution of the
gaseous envelopes were examined confirmed that rapid
gas accretion takes place when Mp > Mc,crit (Stevenson
1982; Bodenheimer & Pollack 1986; Ikoma et al. 2000).
The early calculations of this kind, by Pollack et al.
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Figure 1. Exoplanets observed by both radial velocity and transit methods. The mass of observed planets is shown as a function of
the metallicity of the host stars. The data are taken from the Extrasolar Planets Encyclopaedia (http://exoplanet.eu/). Following
the definition of the website, exoplanets detected first by the radial velocity technique are denoted by the squares whereas those first
by the transit are by the stars. We note that the data are also used in HP13. We divide these data for three zones: Hot Jupiters,
Exo-Jupiters, and low-mass planets (see Table 1). The observations show that both Jovian planets have a positive correlation with
the stellar metallicity (see the two top panels) whereas low-mass planets are not correlated with it (the bottom left panel). Also, the
RV data infer that the hot Jupiters may be slightly more sensitive to metallicity than the exo-Jupiters, although the trend may be
weak (see the square). All the planets are shown in the bottom right panel. Note that, although there may be some observational
biases in the plot since the data are collected from a number of surveys, the trend of the planet-metallicity correlation is reproduced
well.
Table 1
Three zones for the observed exoplanets
Definition Mass range (M⊕) Semimajor axis range (AU) HP131
0.01 < rp < 0.1 Zone 1
Hot Jupiters 30 < Mp < 104
0.1 < rp < 0.5 Zone 2
Exo-Jupiters 30 < Mp < 104 0.5 < rp < 10 Zone 3
Low-mass planets 1 < Mp < 30 0.01 < rp < 0.5 Zone 5
1 the definitions adopted in HP13.
(1996) constitute a milestone in this field. Two new in-
sights into the formation of gas giants were developed: 1)
rapid gas accretion occurs when the envelope mass be-
comes comparable to the core mass, (the mass was newly
referred to as the crossover mass), and 2) the rapid gas
accretion follows slow, gas accretion called ”phase 2”.
Phase 2 arises from the efficient accretion of planetes-
imals by cores. This is because the energy deposited
by the infall of planetesimals in the envelopes makes it
possible to maintain the hydrostatic envelopes for a long
time ∼Myr (equivalently growing planetary cores satisfy
the condition that Mc ≃Mc,crit due to a higher value of
M˙c(∼ 10
−6M⊕yr
−1) (see Equation (1)). This postpones
the onset of rapid gas accretion. These two features
were confirmed in several more recent calculations and
simulations (Hubickyj et al. 2005; Lissauer et al. 2009;
Movshovitz et al. 2010). Since the crossover mass phys-
ically corresponds to the critical core mass (Ikoma et al.
2000; Shiraishi & Ida 2008), the results of Pollack et al
therefore imply that the gas accretion can be determined
largely by the behavior of the phase 2.
There is still some debate, however, about the exis-
tence of phase 2 (e.g., Ikoma et al. 2000; Fortier et al.
2007). For instance, Shiraishi & Ida (2008) pointed out
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that phase 2 is unlikely to occur when the dynamics of
planetesimals around a planet is considered more real-
istically. Specifically, they show through the numerical
integration of planetesimals’ orbit around a planet that
a coupling effect of gravitational scattering by the planet
and gas drag damping ends up with the formation of a
gap in planetesimal disks. In other words, the efficient
planetesimal accretion assumed in Pollack et al, to be
the primary driver of the phase 2, is unlikely to be es-
tablished.
When the planetesimal infall through the envelopes be-
comes negligible as the energy input, the gravitational
contraction of the envelopes acts as the dominant heat
source for supporting the envelopes. If this is the case,
the growth of planetary mass via gas accretion can be
regulated well by the Kelvin-Helmholtz timescales (e.g.,
Ikoma et al. 2000; Ida & Lin 2004a).
In summary, while significant progress has been
achieved that has led to better understanding of the on-
set of gas accretion and the evolution of envelopes sur-
rounding planetary cores, some physical processes remain
uncertain.
2.2. Our prescription & important core masses
Based on the above discussion, we adopt a conservative
treatment wherein the critical mass of planetary cores
is used for initiating gas accretion onto the cores while
the gas accretion is prescribed by the Kelvin-Helmholtz
timescale (Ikoma et al. 2000; Ida & Lin 2004a, HP12).
One advantage of this formulation is that it allows us to
compare our results with those of the standard popula-
tion synthesis calculations (e.g., Ida & Lin 2004a, 2008a;
Ida et al. 2013), which incorporate such an approach.
The critical core mass (Mc,crit) depends on the rate
of planetesimal accretion onto the core (M˙c) and the
grain opacity (κ) in envelopes around the cores (e.g.,
Ikoma et al. 2000; Ida & Lin 2004a; Hori & Ikoma 2011).
This was written in HP12 as
Mc,crit ≃ 10M⊕fc,crit
(
M˙c
10−6M⊕ yr−1
)1/4
, (1)
where fc,crit is treated as a free parameter. This
parameter is directly related to the grain opacity in
the envelopes (Ikoma et al. 2000; Ida & Lin 2004a);
fc,crit = (κ/1 cm
2 g−1)0.2−0.3 whose variation is usually
neglected. Many previous studies adopt fc,crit = 1 as
the canonical value in which both the abundance and
the size distribution of dust grains in the envelopes are
assumed to be similar to the interstellar medium (ISM)
(Pollack et al. 1996; Ikoma et al. 2000; Ida & Lin 2004a).
In our study, the value of fc,crit plays an important role
as we investigate systems with lower metallicity, and we
demonstrate later that a much lower value fits the extra-
solar planet data better.
For notational convenience, we define and shall hence-
forth adopt a mass parameter that arises from the de-
pendence of Mc,crit on the grain opacity, and that links
to definitions used in our previous work, namely;
Mc,crit0 ≡ 10M⊕fc,crit = 10M⊕
(
κ
1 cm2 g−1
)0.2−0.3
.
(2)
One might think that the isolation mass of cores
(Mc,iso) which is the calculated core mass, assuming that
all the planetesimals in the feeding zone are accreted onto
the cores (see Equation (A6)), would be better for ex-
amining the planet-metallicity correlation. However, the
value of Mc,iso is really useful only when the formation
of cores occurs in-situ. In the case of migrating cores -
in particular those caught in our moving planet traps -
fresh planetesimals can always be introduced as the trap
sweeps through the disk. It is not so obvious that an iso-
lation mass is the correct choice in this situation. Hence
Mc,crit is preferred in our models.
Gas accretion onto the cores starts once they achieve
the value of Mc,crit (e.g., Mizuno 1980; Stevenson 1982;
Ikoma et al. 2000). The gaseous envelopes of poten-
tial Jovian planets contract on the Kelvin-Helmholtz
timescale, provided that the accretion of planetesimals
by the cores is small (< 10−6M⊕yr
−1) at that time. A
simplified version of this timescale has been derived from
more detailed numerical simulations (Ikoma et al. 2000):
τKH ≃ 10
c yr
(
Mp
M⊕
)−d
. (3)
It is likely that there are ranges in c (8 . c . 10) and
in d (2 . d . 4). We adopt that c = 9 and d = 3
as fiducial values, following Ida & Lin (2004a, references
herein). Note that τKH also depends on the grain opac-
ity, κ, like Mc,crit0 (see Equation (2)). Nonetheless, the
dependency is neglected in this paper, because it can
be incorporated into the variation of c, and d, both of
which are the main parameters here. Also, note that
τKH is sensitive to the computed mass (Mp) of plan-
ets. For instance, τKH = 8 × 10
6 yr when Mp = 5M⊕,
which roughly corresponds to the onset of gas accretion
for our fiducial case (see below). When Mp = 10M⊕ the
timescale goes down to 106 yr. Our analysis will show
that the lower critical core mass parameter fits the data
better, which means that this model mimics the behav-
ior of a drawn out phase 2 found by Pollack et al. (1996)
but whose physical origin is different: for our case, a
prolonged phase 2-like behaviour originates simply from
a longer Kelvin-Helmholtz timescale, and not with plan-
etesimal accretion.
The gas accretion rate onto the protoplanet from the
surrounding disk is regulated by this Kelvin-Helmholtz
timescale;
dMp
dt
≃
Mp
τKH
∝Md+1p . (4)
Thus, the growth rate of planets increases sharply with
Mp.
There is one final mass that needs to be considered in
this accretion picture, which is the mass scale at which
the gas accretion finally runs away. The minimum pos-
sible mass for a core is Mc,min that can be derived from
the condition τKH = τfin (see equation (3)). Setting
τfin = 10
7 yr, which is the upper limit of the disk life-
time, we obtain
Mc,min = 10
(c−7)/dM⊕. (5)
For our fiducial case (c = 9 and d = 3), we findMc,min ≃
4.6M⊕.
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To summarize, gas accretion starts when Mc ≥Mc,crit
(see Equation (1)), and the subsequent growth of plan-
etary mass via the gas accretion is determined by the
Kelvin-Helmholtz timescale (see Equations (3) and (4)).
These prescriptions involve the three key physical quan-
tities that are basic control parameters in our models;
Mc,crit0, c, and d (see Table 2). The fundamental ques-
tion addressed by this paper is how the value of the grain
opacity defining Mc,crit0 (see equation (2)), affects the
PFFs and so determines the planet-metallicity correla-
tion (see Section 4). In pursuing this question, we inves-
tigate the effects of c and d (see equation (3)) in Section
5 (see Table 4).
3. STATISTICAL TREATMENT
We describe our statistical modeling that utilizes the
semi-analytical model developed in a series of our papers
(HP11, HP12, HP13). We briefly discuss our approach
and refer the readers to these three papers for further
details (see Table 2, also see Appendix A).
3.1. The data
We obtained the data given in Figure 1 from the Ex-
trasolar Planets Encyclopaedia (Schneider et al. 2011,
http://exoplanet.eu/) and plot the mass of observed ex-
oplanets as a function of metallicity for the 3 different
populations in Figure 1. Table 1 summarizes the defi-
nition of these 3 populations. The identification of dif-
ferent exoplanetary populations was discussed in earlier
work (Chiang & Laughlin 2013, HP13). Since our previ-
ous study already confirmed that the population of close-
in (r ≤ 0.5 AU) massive planets (the populations ending
up either in Zone 1 or in Zone 2) are minor (HP13), we
combine these two populations in this paper and refer to
them as ”hot Jupiters” (see Table 1). The classification
of Jovian planets does not affect our conclusions.
Figure 1 clearly shows that the number of more massive
planets gradually diminishes as one goes to lower metal-
licity, although there is a large scatter. For the low mass
planets, on the other hand, this trend is absent. These
results were initially inferred from the radial velocity
observations (e.g., Santos et al. 2004; Fischer & Valenti
2005; Bond et al. 2006; Udry & Santos 2007). Note that
some observational biases may be present in Figure 1,
since the observational data are obtained from the col-
lection of various surveys. Nonetheless, the trend of the
planet-metallicity correlation is evidently shown. Also
note that planets with measured masses (the radial ve-
locity method) as well as those inferred from the Kepler
observations show similar patterns with metallicity.
3.2. Basic model
We constructed evolutionary tracks of accreting plan-
ets in the mass-semimajor axis diagram by comput-
ing the time evolution of viscous disks with photoe-
vaporation of gas in HP12. For the growth of plane-
tary cores, we adopted the standard core accretion sce-
nario (HP12, Ida & Lin 2004a, also see Appendix A) in
which rocky planetary cores form via oligarchic growth
(Kokubo & Ida 1998). Our prescription for the subse-
quent growth of planets by gas accretion was discussed
in Section 2. In Figure 2, we give examples of 3 computed
evolutionary tracks that feed the different populations in
the mass-semimajor axis diagram.
Figure 2. Examples of evolutionary tracks computed in the mass-
semimajor axis diagram. Different tracks end up in different zones.
The circles denote the values of Mc,crit for these examples.
Planets are built in planet traps which naturally
arise from some kinds of disk inhomogeneities. As
the term implies, they act as barriers (technically
as radii at which there is zero-net torque exerted
by the disk) for rapid type I planetary migration
(Masset et al. 2006; Matsumura et al. 2007; Ida & Lin
2008b; Hasegawa & Pudritz 2010; Lyra et al. 2010,
HP11). We considered three types of planet traps: dead
zones, ice lines and heat transition traps (HP11). The
orbital evolution of planets forming in them is regulated
by the movement of planet traps and subsequent type II
migration. When planetary cores become more massive
than the gap-opening mass, they drop out of their traps
and switch to type II migration. Although it can be as-
sumed that planet formation proceeds predominantly at
three types of traps treated in isolation, the gravitational
interactions between trapped planets will gradually be-
come important for the later stage of disk evolution, an
effect that is neglected in this work but will be treated
in a future paper.
In building a theoretical evolutionary track (see HP12),
we first compute the growth of the rocky core from
the theoretical expression for M˙c on the core accretion
timescale τc,acc having to do with the collisions of plan-
etesimals. One integrates the mass over time taking
into account the fact that the accreting core is mov-
ing through the disk as it is carried by its trap. The
actual formula for τc,acc and M˙c are given by Equations
(A1) and (A3) in Appendix A and follows Kokubo & Ida
(2002, also see HP12). In this regime, the accretion rate
is directly proportional to the surface density of the dust;
M˙c ∝ Σd, which as we will see in the next subsection,
is related to the metallicity of the disk. This column
density changes as the host planet trap moves radially in-
wards through the evolving disk so that M˙c changes with
time. At the time in the numerical integration when the
mass of the core exceeds the critical value given by con-
dition (see equation (1)), one has identified the critical
core mass (Mc,crit).
In Figure 2, we mark the value of Mc,crit found for
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Table 2
Key quantities in this work
Symbol Meaning Values
Planetary growth by gas accretion
Mp Planetary mass (the core mass + the envelope mass) computed along tracks
Mc,crit The critical mass of planetary cores that can initiate efficient gas accretion (see Equation (1))
M˙c Accretion rate of planetesimals by planetary cores (see Equation (A4))
Mc,crit0 A free parameter regulating Mc,crit (see Equations (1) and (2)) 3M⊕, 5M⊕, 10M⊕
κ The grain opacity in accreting envelopes that links to Mc,crit0 (see Equation (2)) ≃8 ×10−3, 0.06, 1 cm2 g−1
τKH The Kelvin-Helmholtz timescale (see Equation (3))
(c, d) a set of free parameters for τKH (9,3)
Mc,min The mass scale for gas accretion to finally run away within the disk lifetime (see Equation (5)) ≃ 4.6M⊕
Disk model
M˙ Disk accretion rate onto the central star (see Equation (6))
Σg The surface density of gas (∝ M˙)
Σd The surface density of dust (= fdtgΣg)
[Fe/H] Metallicity (see Equation (8))
fdtg the dust-to-gas ratio (= fdtg,⊙ηdtg)
fdtg,⊙ the dust-to-gas ratio at the solar metallicity (= ηdtg,⊙ηice) ≃ 1.8× 10
−2
ηdtg,⊙ the dust-to-gas ratio at the solar metallicity within the ice line ≃ 6× 10
−3
ηice A factor for increasing/decreasing fdtg,⊙ due to the presence of ice lines
τvis the viscous timescale (see Equation (6)) 10
6 yr
τint the initial time for starting computations (see Equation (6)) 105 yr
Note that free parameters here are only Mc,crit0, c, and d. For the other parameters, the given values are derived from the three
free parameters, or our previous study confirmed that the results are insensitive to a specific choice of the values (HP13).
each of the tracks. Beyond this mass, the evolution of
the planet is switched to gas accretion which is governed
by the Kelvin-Helmoltz timescale given above (see equa-
tions (3) and (4)). As discussed in Section 2, in or-
der to achieve rapid gas accretion, one needs to have
Mc,crit ≥Mc,min (see equation (5)).
The protoplanet drops out of the trap motion and
switches to subsequent type II migration when it be-
comes sufficiently massive to open a gap in the disk. We
can see from Figure 2 that tracks that end up in the hot
Jupiter zone must undergo slower gas accretion overall
if they are to end up at such small orbital radii. This
is a manifestation of type II migration where gap open-
ing will significantly reduce the gas inflow onto the core.
Tracks that end up in the exo-Jupiter zone are therefore
less dominated by type II gap-opening effects, and hence
accrete more rapidly to achieve higher masses. The final
phase in the evolution arrives with the dissipation of the
disk by photoevaporation.
We emphasize that all of this planetary evolution and
movement occurs in disks whose properties are evolving
at the same time, due to the viscous dissipation of disks
as well as their relatively rapid dispersal by photoevapo-
ration characterizing the final stage of disk evolution. In
order to make this quantitative, we have focused on two
key disk parameters: the disk accretion rate and lifetime
parameters.4 In our improved formalism, these two pa-
rameters involve the time-evolution of the disk accretion
rate that is given as (HP13, also see Tables 2 and 3)
M˙(τ)≃ 3× 10−8M⊙ yr
−1ηacc
(
M∗
0.5M⊙
)2
(6)
×
(
1 +
τ
τvis
)−1.5
exp
(
−
τ − τint
τdep
)
,
4 In fact, there are three important parameters, the disk mass,
lifetime, and accretion rate. As discussed in HP13, however, these
three are linked together, so that we pick up the disk accretion rate
and lifetime as the main parameters.
where M∗ = 1M⊙ is the stellar mass, τ is a time,
τvis = 10
6 yr is the typical viscous timescale, τdep is
the depletion timescale, and τint = 10
5 yr is the initial
time for our calculations to get started. The numerical
factor in equation (6) is set so as to well match the ob-
served disk accretion rate for disks around classical T
Tauri stars (M∗ ≃ 0.5M⊙) at τ = 10
6 yr, if a factor ηacc
is unity. Since the total disk mass is linearly proportional
to M˙ in our model, we can essentially change the disk
mass by varying ηacc. We also assume that the depletion
timescale can be written as
τdep = τdep,0ηdep, (7)
where τdep,0 = 10
6 yr.
In our formalism, the disk evolution is therefore reg-
ulated by two quantities, τvis, and τdep. The disk life-
time is controlled largely by τdep. Following HP13, we
adopt the exponential function for characterizing the end
disk evolution stage. As discussed in HP13 (see its Ap-
pendix), the exact shape of the disk accretion, especially
at the end stage of disk evolution, does not affect the
resultant planetary populations (see equation (9)). The
most important disk parameter is the disk lifetime. In
summary, we treat ηacc as a disk accretion rate parameter
whereas ηdep is considered as a disk lifetime parameter.
Our model (HP12) succeeded in providing physical ex-
planations for a number of observational features such as
the observed mass-period relation (Udry & Santos 2007;
Mayor et al. 2011).
3.3. Metallicities
The metallicity of the disk is readily parameterized in
terms of the dust-to-gas ratio fdtg. This can be written
as fdtg = fdtg,⊙ηdtg (see Tables 2 and 3), where fdtg,⊙ =
ηdtg,⊙ηice is the dust-to-gas ratio at the solar metallicity,
ηdtg is a factor for varying fdtg, ηdtg,⊙ is the the dust-to-
gas ratio at the solar metallicity within the ice line, and
ηice is a factor for changing fdtg,⊙ due to the presence of
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a water ice line. We set ηice = 1 when planet traps are
inside the ice line, ηice = 4 when the traps are on the ice
line, and ηice = 3 when the traps are beyond the ice line
(Pollack et al. 1994; Ida & Lin 2004a, HP13). Adopting
the most likely value of fdtg,⊙, which is ∼ 1.8 × 10
−2
(Asplund et al. 2009), we obtain that ηdtg,⊙ = 6× 10
−3.
Thus, the variation of the dust-to-gas ratio is regulated
by ηdtg.
In our model, ηdtg is related to the dust density in
disks: Σd = fdtgΣg(∝ ηdtgM˙), where Σg(∝ M˙) is the
surface density of gas in the disks. As shown by the
previous studies (e.g., Ida & Lin 2004b; Mordasini et al.
2012), the efficiency of forming planetary cores in the
core accretion scenario is sensitive to the value of Σd.
Finally, the metallicity can be expressed in terms of
ηdtg. Assuming that the value of the metallicity in disks
is similar to their stellar metallicities, the metallicity
[Fe/H]5 can be linked with ηdtg as follows (Ida & Lin
2004b):
[Fe/H] ≃ [m/H] ≡ log10
fdtg
fdtg,⊙
= log10(ηdtg), (8)
where m represents a mixture of metals. This indicates
that the effects of metallicities can be readily explored
by varying ηdtg. Note that the ratio of [m/H] to [Fe/H]
is generally considered as order of unity.
3.4. Initial conditions
We adopt the same initial conditions as HP13 (also see
HP12), wherein protoplanets of ∼0.01 M⊕ start to grow
at specific times τ and positions r. We take 100 times
(and 100 positions) for each planet traps as the initial
conditions of evolutionary tracks, so that the entire disk
lifetime is covered by the tracks. This is equivalently that
Nint = 300 for all the calculations (see equation (9)). As
confirmed in HP13, the number is large enough to get
our results convergent.
For the value of the metallicity ([Fe/H]), we consider
a wide range (−0.6 ≤ [Fe/H] ≤ 0.6). The variation in
[Fe/H] leads to the change in ηdtg through equation (8).
Utilizing the above model with these initial conditions,
we evaluate the PFFs for three zones as a function of
metallicity.
3.5. Planet formation frequencies
In HP13, we developed a new statistical approach for
computing the contributions of the various planet traps
to the three major planetary populations that does not
use a standard population synthesis approach. We par-
titioned the mass-semimajor axis diagram into 5 zones
and calibrated planet formation frequencies (PFFs) in
the zones. Here, we consider three zones which charac-
terize the dominant populations (see Table 1 and Figure
2, also see HP13). The input parameters for the statis-
tical analysis are summarized in Table 3.
Utilizing the calculations of evolutionary tracks of
planets building at planet traps (HP12), we define the
5 We adopt the conventional definition, so that [Fe/H] is the
metallicity measured from the solar metallicity, that is, [Fe/H]=0
for the solar metallicity.
PFFs for tracks feeding into the ith zone as (HP13)
PFFs(Zone i) ≡ (9)∑
ηacc
∑
ηdep
wmass(ηacc)wlifetime(ηdep)
×
N(Zone i, ηacc, ηdep)
Nint
where wmass and wlifetime are both weight functions of
ηacc and ηdep, respectively, N(Zone i, ηacc, ηdep) is the
number of evolutionary tracks that end up in Zone i for
a given set of ηacc and ηdep, and Nint = 300 is the total
number of tracks that are considered in the calculations.
Briefly, each term in the weighted sum on the
right hand side of equation (9) involves the ratio,
N(Zone i, ηacc, ηdep)/Nint, which is a planet formation
efficiency for a specific set of ηacc and ηdep. This ra-
tio is then summed (integrated in the continuum limit)
over a wide range of both ηacc and ηdep with their weight
functions to produce the PFF. Therefore the PFF repre-
sents the (integrated) planet formation efficiencies for a
wide range of disk mass and lifetime. In this paper, we
consider the ranges of ηacc (0.1 ≤ ηacc ≤ 10) and ηdep
(0.1 ≤ ηdep ≤ 10), following HP13.
We adopt Gaussian distributions for both wmass and
wlifetime. For wmass, the peak value is obtained when
M˙ ≃ 1.7 × 10−8M⊙yr
−1 (equivalently ηacc = 1). The
standard deviation of wmass is set as unity in the unit of
M⊙yr
−1, although we confirmed that its variation does
not affect our results. The choice of these particular
values is motivated by the observed disk accretion rate
around classical T Tauri stars. For wlifetime, the highest
value is achieved when the disk lifetime is about 1.5×106
yr (equivalently ηdep = 1.5) with the standard deviation
being 3 in the unit of Myr. These two values are again
selected to be consistent with the observations of disks
which show that a disk fraction of stars can be well fit-
ted by the exponential function with the e-folding time
being 2.5 Myr (e.g., Williams & Cieza 2011). Thus, all
the quantities in the weight functions are determined,
so that the weight functions can fit to the observations
of protoplanetary disks (see HP13). Gaussian functions
are also useful, both because of their computational con-
venience as well as their reflection of possible Gaussian
random noise in the initial conditions for disk formation
in turbulent molecular clouds.
This approach enables one to compare the theoretical
results with the observations without the standard pop-
ulation synthesis calculations being performed. As dis-
cussed in HP13, we have shown that the combination of
planet traps with the core accretion scenario can account
for the observations of exoplanets very well. Specifically,
we have demonstrated that most formed gas giants tend
to end up around 1 AU with fewer populations of the
hot Jupiters. Also, our calculations have shown that a
large fraction of low-mass planets in tight orbits can be
populated by ”failed” cores of gas giants and/or mini-gas
giants.
3.6. A statistical approach for critical core masses
We adapt our PFF approach to calculating the av-
erage critical mass of cores as a function of metallicity
for a distribution of evolutionary tracks. In order to
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Table 3
Input parameters for the statistical analysis1
Symbol Meaning Values
Stellar parameters
M∗ Stellar mass 1 M⊙
R∗ Stellar radius 1 R⊙
T∗ Stellar effective temperature 5780 K
Disk mass parameters
ηacc A dimensionless factor for M˙ (see Equation (6)) 0.1 ≤ ηacc ≤ 10
wmass(ηacc) Weight function for ηacc modeled by the Gaussian function
ηdtg A parameter for increasing/decreasing [Fe/H] (see Equation (8)) 0.25 . ηdtg . 4
Disk lifetime parameters
ηdep A dimensionless factor for τdep (see Equation (7)) 0.1 ≤ ηdep ≤ 10
wlifetime(ηdep) Weight function for ηdep modeled by the Gaussian function
1 These quantities are constrained by the observations, so that they are not free parameters.
proceed, we calculate the mean mass of planetary cores
(〈Mc,crit〉) that indeed initiate gas accretion when evolu-
tionary tacks are computed, which is defined as
〈Mc,crit(Zone i)〉 ≡ (10)∑
ηacc
∑
ηdep
wmass(ηacc)wlifetime(ηdep)
× 〈Mc,crit(Zone i, ηacc, ηdep)〉 ,
where 〈Mc,crit(Zone i, ηacc, ηdep)〉 is the averaged critical
mass of planetary cores that eventually fill out Zone i and
that just start accreting gas during planetary growth for
a certain set of ηacc and ηdep. We have shown in Figure
2 how these values are determined for each evolutionary
track computed in our simulations (see the circle in each
track).
4. RESULTS
We computed complete sets of evolutionary tracks
for three different values of the Mc,crit0 parameter;
(3M⊕, 5M⊕ and 10M⊕) for the range of metallicities seen
in the data (see Table 4). We calculate, in particular, the
PFFs as a function of metallicity for the 3 different plane-
tary populations, and discuss how different the resultant
PFFs are for different Mc,crit0. We also determine the
values of the critical core masses (〈Mc,crit〉) as a function
of metallicity,
4.1. PFFs for Jovian planets
Figure 3 (top) shows the computed PFFs as a func-
tion of metallicity for the hot and exo-Jupiters (see the
dashed and solid lines, respectively). The results for the
choices Mc,crit0 = 5M⊕ and Mc,crit0 = 10M⊕ are shown
on the left and right panels, respectively. For both values
ofMc,crit0, we find that the PFFs of the exo-Jupiters are
much higher than those of the hot Jupiters. Thus, the
results found in HP13 that exo-Jupiters should be much
more frequent than hot Jupiters carries over to planets
of all observed metallicities. We predict therefore that a
higher population of Jovian planets around 1AU is gen-
eral, and is a reflection of the dynamics of planet traps
in the metallicity range so far observed.
Our second major result apparent in this figure is that
the formation of both Jovian planets is sensitive to the
metallicity: gas giants are preferentially formed for disks
with higher metallicities whereas their formation effi-
ciencies are suppressed for low metallicity disks. This
agrees very well with the sense of the observed planet-
metallicity relation - massive planets are less frequently
observed around stars of lower metallicity. This is a natu-
ral consequence of planet formation in the core-accretion
picture in our calculations. These results also agree
with the findings of previous population synthesis studies
(Ida & Lin 2004b; Mordasini et al. 2012).
A very interesting and new result is that the PFFs drop
off very noticeably towards lower metallicities and remain
rather constant above some particular values. For the
case ofMc,crit0 = 5M⊕ (the left panel), the PFFs of both
the hot and exo-Jupiters drop rapidly at low metallicity,
[Fe/H]= -0.2 to -0.4. For the case of Mc,crit0 = 10M⊕
(the right panel), on the contrary, the PFFs of both
of them decrease more gradually as the metallicity de-
creases. We explore this further in what follows.
4.2. The mass of cores for Jovian planets
Figure 3 (middle) shows the values of the critical core
masses 〈Mc,crit〉 for hot and exo-Jupiters as a function
of metallicity (see the dashed and solid lines, respec-
tively). For comparison, 〈Mc,crit〉 for low-mass planets
is also shown in the same panel (see the dotted line).
The results show that 〈Mc,crit〉 for both kinds of Jovian
planets is an increasing function of metallicity for both
cases ofMc,crit0 (see the left and right panels). Since the
timescale of gas accretion onto planetary cores shortens
for massive cores, they have more time to grow up to gas
giants. This is the main reason why massive planets are
preferentially formed for high metallicity stars.
The results in this panel also show that the value of
〈Mc,crit〉 of the exo-Jupiters is larger than that of the
hot Jupiters. (see the middle in Figure 3). In our planet
trap picture, the mass of the cores tends to increase with
increasing the distance from the central star. This is
achieved because planet traps are assumed to be effec-
tive until growing planetary cores open up a gap in their
disks. The gap-opening mass is an increasing function of
distance from the central star. It is therefore expected
that 〈Mc,crit〉 of the hot Jupiters is smaller than that of
the exo-Jupiters. In other words, the cores of the exo-
Jupiters drop-out from their planet traps earlier because
of their more massive cores, and hence they have more
time to grow up to fully formed gas giants, compared
with those of the hot Jupiters. Our results in fact sup-
port this trend.6
6 Intriguingly, Buchhave et al. (2014) have recently inferred us-
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Figure 3. The resultant PFFs and the mean mass of planetary cores as a function of the metallicity (see Table 4). The results
for the case of Mc,crit0 = 5M⊕ and Mc,crit0 = 10M⊕ are shown in the left and right panels, respectively. The top panels show the
PFFs of both the hot and exo-Jupiters whereas the bottom panels show the total PFFs and those of low mass planets. The middle
panels show the mean critical mass of planetary cores (〈Mc,crit〉) that indeed start accreting gas in our model (see equation (1)).
The results show that both the hot and exo-Jupiters are readily formed in high metallicity disks and their PFFs decrease for low
metallicity disks (see the dashed and solid lines for the hot and exo-Jupiters, respectively). On the contrary, the PFFs of low-mass
planets do not decrease steadily for disks with lowering metallicities (see the dotted line). The total PFF is a steadily increasing
function of the metallicity (see the thick line). We find that the intersections between the values of 〈Mc,crit〉 for Jovian planets
and low mass planets enable us to estimate transition metallicities (TMs) below which the PFFs for Jovian planets drop suddenly
(see the vertical dashed and solid lines for the hot and exo-Jupiters, respectively). It is important that the results for the case of
Mc,crit0 = 5M⊕ are more likely to match the current available observations of exoplanets.
Table 4
Summary of the calculations and their results
Mc,crit0 (M⊕) c d Mc,min (M⊕) Plot [Fe/H]hot (dex) [Fe/H]exo (dex)
Fiducial 5 9 3 4.6 Left in Figure 3 -0.1 -0.2
Fiducial 10 9 3 4.6 Right in Figure 3 -0.5
Run A 3 8 2.5 2.5 Upper left in Figure 4 0.1 -0.2
Run B 10 9 2 10 Upper right in Figure 4 -0.2 -0.2
Run C 10 10 3 10 Lower left in Figure 4 -0.4 -0.4
Run D 10 10 3.5 7.2 Lower right in Figure 4 -0.4 -0.6
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Another very interesting trend in these critical core
mass curves is that the low mass curve exceeds both Jo-
vian planet curves at the lowest metallicities. As the
metallicity increases, the rising exo-Jupiter curve inter-
sects the low mass curve and then flattens out beyond.
At somewhat higher metallicity, the rising hot Jupiter
curve then also intersects the low mass planet curve.
These intersection points are different for the two cases
(see the left, middle panel in Figure 3). We define the
corresponding values of the metallicity at these intersec-
tions as [Fe/H]exo and [Fe/H]hot, respectively - which
we henceforth call transition metallicities, or TMs. In
Figure 3, these TMs are denoted by vertical solid and
dashed lines respectively. Note that these intersections
in the 〈Mc,crit〉 domain are reflected by features in the
upper panels where the rising PFFs cease their rapid in-
crease at the corresponding TMs and begin to flatten out
towards higher metallicity.
The values of the TMs for the different cases are eas-
ily read off the figure. For the case of Mc,crit0 = 5M⊕
(see the left, middle plane), 〈Mc,crit〉 of the hot Jupiters
intersects with that of low-mass planets at [Fe/H]hot
≃ −0.1 (the vertical dashed line) and 〈Mc,crit〉 of the
exo-Jupiters does at [Fe/H]exo ≃ −0.2 (the vertical solid
line). Note that in the observed range of metallicities we
are modelling, there are two intersections for the case of
Mc,crit0 = 5M⊕, (see the left, top panel). For the case of
Mc,crit0 = 10M⊕ (right, middle panel), there is only one
intersection at [Fe/H]hot≃ −0.5 for the hot Jupiters (the
vertical dashed line).
4.3. Transition metallicities (TMs) and two important
masses
Our results indicate that there are two important
masses of planets for estimating the number of TMs that
occur somewhere in the range [Fe/H]≃ −0.2 to -0.4 in
〈Mc,crit〉-metallicity diagram. One of them is obviously
the Mc,crit0 parameter that regulates the onset of gas
accretion onto planetary cores (see equation (1)). The
other is the minimum mass of planetary cores (Mc,min)
that allows the cores to accrete enough amount of gas
within a certain time τfin, so that they eventually be-
come gas giants (see equation (5)).
For the caseMc,crit0 = 10M⊕, one finds thatMc,min <
Mc,crit0 (see Table 4). In this regime, gas giant forma-
tion proceeds efficiently even in the low metallicity envi-
ronment. More physically, the timescale of the oligarch
growth becomes longer for disks with lower metallicities.
Nonetheless, the final mass of planetary cores can reach
& Mc,min. Therefore, gas accretion that takes place after
the core formation could be done within the disk lifetime.
This is because the timescale of gas accretion depends
only on the mass of cores (see equations (3) and (4)). In
other words, the total timescale in which the formation
of gas giants is complete can still be short, compared
with the disk lifetime. Thus, 〈Mc,crit〉 of both the hot
and exo-Jupiters becomes larger than that of low mass
planets even for disks with low metallicities, and hence
there is only a TM at low values of [Fe/H] (see the right,
middle panel).
For the case of Mc,crit0 = 5M⊕, we obtain Mc,min ≃
Mc,crit0. Although we can apply the above argument for
this case as well, it is expected that the formation of gas
giants is not so efficient for disks with low metallicities.
This occurs because Mc,crit0 = 5M⊕(≃Mc,min), so that
the final mass of cores formed in low metallicity disks
would be smaller than Mc,min. As a result, such cores
cannot grow to gas giants. Thus, TMs for this case ap-
pear in higher metallicity environments than the case of
Mc,crit0 = 10M⊕, and two TMs exist (see the left, middle
panel).
4.4. PFFs for low mass planets
We now turn our attention to the metallicity depen-
dence of the PFFs for the low mass planets - as well as
the total PFF which is the sum of all three populations.
These plots are given in the bottom panels in Figure 3.
It is evident that the values of the PFFs for the low mass
planets are rather high and quite insensitive to metallic-
ity. This indicates that a large number of low-mass plan-
ets can be formed by the same mechanism that builds the
cores of the gas giants, over the entire observed range of
metallicity. This generalizes our conclusion in HP13 that
such low mass planets can be regarded as failed Jovian
cores and/or mini-gas giants.
On closer examination, another feature of the PFFs of
low-mass planets is that they descend towards a min-
imum and then rise again with increasing metallicity.
This dip has a counterpart in the behaviour of the PFFs
of both the hot and exo-Jupiters (see the top panels),
which undergo a strong rise in the PFF in this range of
metallicities. Note that the total PFF for the sum of
all populations shows a steady rise without any feature.
Clearly the planetary cores that might have ended up in
low mass planets seed the growth of gas giants efficiently
around TMs. For higher metallicity disks, both massive
and low-mass planets can form simultaneously, so that
the PFFs of low mass planets get back to larger values.
Although similar behaviour is observed for different
values of Mc,crit0 (see the left and right bottom panels),
there are some quantitative differences. The dip in the
PFFs is more prominent for the case of Mc,crit0 = 10M⊕
than the case of Mc,crit0 = 5M⊕. This can be under-
stood by the same argument developed in Section 4.3,
namely, that when Mc,crit0 = 10M⊕, the final mass of
planetary cores becomes massive enough to speed up the
subsequent gas accretion process. As a result, gas gi-
ants can form efficiently even in relatively low metal-
licity disks. We find that the metallicity dependence
of the total PFFs is insensitive to the value of Mc,crit0
(see the thick line in the bottom two panels). There-
fore, such efficient formation of gas giants for the case of
Mc,crit0 = 10M⊕ lowers the PFFs of low mass planets
more than the case of Mc,crit0 = 5M⊕.
Note that the overall value of the PFFs for the low-
mass planets is comparable to or slightly lower than those
for the Jovian planets. The recent observations, on the
contrary, infer that the low-mass planets are the most
dominant populations. Given that both Kepler and ra-
dial velocity surveys are weighted towards sunlike stars,
which makes our model applicable to these observations,
one explanation might be that there are a number of
mechanisms for forming the low-mass planets (see Sec-
tion 6.3). However, we note that this may still be a
consequence of the effect of stellar masses on the statis-
tics. We need to perform similar calculations along the
initial mass function (IMF) and to examine how different
the resultant PFFs are for different stellar types. This is
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because low-mass stars, that tend to generate more low-
mass planets due to low-mass disks, occupy the dominant
contribution in the standard IMF. This kind of approach
may be useful for microlensing surveys which tend to fo-
cus on low-mass stars.
The important conclusion from all of this is that the
dominant planetary populations switch from low-mass
planets to massive ones at the TMs (see Figure 3).
5. PARAMETER STUDY
As discussed above, our results show that the PFFs
(and TMs) of both the hot and exo-Jupiters around
[Fe/H]≃ −0.2 to -0.4 behave differently for different val-
ues of Mc,crit0 with c and d fixed (see Figure 3). This
suggests that we can derive important constraints on the
value of Mc,crit0 by exploring different values of c and d.
As pointed above, these parameters are likely to have a
range of values: 8 . c . 10 and 2 . d . 4.
5.1. Robustness of the planet-metallicity relation
We now examine how our PFFs and critical core
masses are altered by changing the values of Mc,crit0,
c and d, which control the efficiency of planet forma-
tion (see equations (1) and (3)). The different model
parameters are given in Table 4. We choose the values
of Mc,crit0, c and d, so that Mc,crit0 satisfies the condi-
tion Mc,min ≃ Mc,crit0 (see Table 4). As discussed in
Section 4.3 and will be shown below, TMs appear in the
range [Fe/H]≃ -0.2 to -0.4 when this condition is met.
Note that this was confirmed by performing more than
30 runs.
Figure 4 shows some of our results. The upper, left
panel shows the results for the case Mc,crit0 = 3M⊕,
c = 8, and d = 2.5 (Run A), the upper, right panel is for
Mc,crit0 = 10M⊕, c = 9, and d = 2 (Run B), the lower,
left panel is forMc,crit0 = 10M⊕, c = 10, and d = 3 (Run
C), and the lower, right panel is for Mc,crit0 = 10M⊕,
c = 10, and d = 3.5 (Run D).
The resultant PFFs show the same trends for a wide
range of Mc,crit0, c and d (see the top figure in each
panel), as those observed for the case ofMc,crit0 = 5M⊕,
c = 9, and d = 3 shown in Figure 3. The shape of
the PFFs for the two Jovian class planets has the same
general structure. The exo-Jupiters always dominate the
hot Jupiter population and after a rather steep rise from
lower metallicity, both PFFs roll over into very gently
increasing values beyond the exo-TM. The PFFs for the
low mass planets all have dips and drop significantly
around [Fe/H]≃ −0.2 to -0.4, and rise again to near their
original values at higher metallicity. This is the hallmark
of the planet-metallicity relation. The other general re-
sult is that at low metallicity, the low mass planets dom-
inate the total population for all models. It is impressive
how robust these relations are over such a wide range of
the basic parameters of the model.
5.2. Trends in the TMs
The obvious difference between the models in our pa-
rameter study is the behaviour of the TMs. For Run A,
two TMs appear around [Fe/H]hot ≃ 0.1 and [Fe/H]exo ≃
−0.2 for the hot and exo-Jupiters, respectively. For Run
B, there is only one TM at [Fe/H]hot,exo ≃ −0.2. For Run
C, only one TM exists around [Fe/H]hot,exo ≃ −0.4. For
Run D, there are two TMs located around [Fe/H]hot ≃
−0.4 and [Fe/H]exo ≃ −0.6 for the hot and exo-Jupiters,
respectively. The TMs focus on properties of the cores
which give us important additional information than the
behaviour of the PFFs. Why do the positions (in metal-
licity) and numbers of TMs change?
First consider the positions. These are affected by the
sensitivity of 〈Mc,crit〉 for both Jovian planets, to the
value ofMc,crit0. As shown in Figures 3 and 4, the magni-
tude of 〈Mc,crit〉 for both Jovian planets is almost linearly
proportional to the value of Mc,crit0. As an example, the
value of 〈Mc,crit〉 for the exo-Jupiters at solar metallicity
is approximately equal to the value of Mc,crit0. On the
contrary, the value of 〈Mc,crit〉 for the low-mass plan-
ets is quite insensitive to the value of Mc,crit0. Our re-
sults show that 〈Mc,crit〉 ≃ 2−4M⊕ for various values of
Mc,crit0. As a result, the locations of the TMs generally
sweep towards lower metallicity with increasingMc,crit0.
What about the difference in the number of the TMs?
There is only one TM for Runs B and C. Note that for
these two cases, the curves for 〈Mc,crit〉 as a function of
metallicity of both the hot and exo-Jupiters almost com-
pletely line up with one another. In this case, it is obvious
that both intersect the low mass curve at one metallicity
- hence there is one TM. Why do the curves line up in
these cases? Based on a large number of similar simu-
lations (which are not shown here), we found that this
is a consequence of a large value of Mc,crit0(= 10M⊕).
As discussed below, this match is attributed to the cloud
coupling of planetary migration with planetary growth.
As discussed in Section 4.2, 〈Mc,crit〉 of the hot
Jupiters is generally smaller than that of the exo-
Jupiters. Most of our results obviously support the trend
(see the middle panel in Figures 3 and 4). For the case
of Mc,crit0 = 10M⊕, however, the critical mass curves
for the hot Jupiters are raised up to the values of the
exo-Jupiter curves for Runs B and C, (but not the two
other cases). In this more massive regime, the final
mass of planetary cores can become larger than the gap-
opening mass. This leads to switch of core migration
from trapped type I to type II, even as the formation of
the planetary cores still proceeds. As a result, the distri-
bution of cores that is generated by planet traps can be
washed out, making it easier for the core mass curves of
these populations to line up with one another.
It is interesting to investigate further the coupling of
migration with planet formation, especially focusing on
type II migration as well as gas accretion onto cores.
When the results of Run C are compared with those of
Run D, there is the difference in the behavior of 〈Mc,crit〉
for both Jovian planets, although the value of Mc,crit
itself is the same for these two cases. For the case of Run
C, 〈Mc,crit〉 for both Jovian planets lines up entirely (only
one TM exists) whereas for Run D, the value is different
for different populations (two TMs exist).
The difference can be understood by the combined ef-
fects of the gas accretion and type II migration. If the gas
accretion proceeds quickly (equivalently for a small value
of Mc,min, e.g., see Run D), gas giant formation is com-
plete earlier. Then the inertia of such fully formed plan-
ets becomes important for slowing down type II migra-
tion significantly. This eventually minimizes the effects
of type II migration, and hence the final distribution of
massive planets is affected largely by the distribution of
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planetary cores generated by planet traps. Consequently,
〈Mc,crit〉 of the hot Jupiters tends to be smaller than that
of the exo-Jupiters (see the lower right panel in Figure 4).
When planetary cores accrete gas slowly (equivalently for
a large value ofMc,min, e.g., see Run C), they need more
time to form gas giants. This, in turn, maximizes the
importance of type II migration. Eventually, the effects
of planet traps are washed out and 〈Mc,crit〉 of the hot
Jupiters becomes comparable to that of the exo-Jupiters
(see the lower left panel in Figure 4).
Thus, similar results in the PFFs can be obtained for
a wide range of Mc,crit0, c, and d. Nonetheless, such de-
generacies may be able to be resolved if the position and
the number of TMs in the 〈Mc,crit〉-metallicity diagram
are examined carefully. This occurs because planet for-
mation is intimately coupled with planetary migration.
5.3. The best fit value for Mc,crit0
Having demonstrated the planet-metallicity relation is
well described by the trend in the PFFs, what value for
Mc,crit0 is most compatible with the data? It turns out
that the distributions of hot and exo-Jupiters as a func-
tion of metallicity can provide an important and rather
robust constraint, as we now show.
We first discuss the observations of exoplanets. In
Figure 5, the observational data are replotted to show
the distributions of hot and exo-Jupiters as a function of
metallicity in the left and right panels respectively. We
here focus in particular on the radial velocity data for the
following reasons (also see Section 6.5). First, exoplanets
at r > 1 AU are currently detected mainly by the radial
velocity methods. Thus, picking up only the radial ve-
locity data enables us to use the observational data that
are consistent at least on the detection method for both
the hot and exo-Jupiters. Second, the resultant popula-
tions are in good agreement with the current knowledge
of the statistical properties of gas giants: the hot Jupiters
are rare and the exo-Jupiters are dominant in the pop-
ulation of massive planets. Figure 5 infers that the hot
Jupiters may be more sensitive to metallicity than the
exo-Jupiters. While it seems that the observational data
are still not large enough to examine this trend statis-
tically, some clues about it have recently been reported
(Beauge´ & Nesvorny´ 2013; Adibekyan et al. 2013).
Figure 5 also shows, by means of vertical lines, the
TMs for both the hot and exo-Jupiters ([Fe/H]hot and
[Fe/H]exo) above which the PFFs for them will increase
significantly (see values in Table 4). In particular, we
select the cases of Mc,crit0 = 3M⊕, c = 8, and d = 2.5
(see the dashed line), of Mc,crit0 = 5M⊕, c = 9 and
d = 3 (see the solid line), and of Mc,crit0 = 10M⊕, c =
10, and d = 3 (see the dotted line). We note that the
dashed line for the exo-Jupiters lines-up with the solid
one completely (see the right panel).
Since the TM values mark the metallicities above
which the populations of hot and exo-Jupiters begin to
dominate the low mass planets, it is clearly evident that
the choice of the value Mc,crit0 = 10M⊕ for the hot
Jupiters puts the TM far to the left of the distribution.
For the exo-Jupiter population, this value puts the TM
in the midst of the distribution. On the other hand, the
choice of a value Mc,crit0 = 3M⊕ puts the TM for hot
Jupiters in the midst of the population, with a signifi-
cant amount of power at the lower metallicities. This is
also problematic. It is clear that the optimal choice for
this parameter is Mc,crit0 = 5M⊕. For the hot Jupiters,
this places the TM just to the left of the rise in the pop-
ulation of observed population of hot Jupiters, and at
a reasonable TM for the exo-Jupiters as well. Our re-
sults therefore indicate that the case, Mc,crit0 = 5M⊕,
c = 9 and d = 3 is the most consistent match with the
currently observed metallicity distributions derived for
hot and exo-Jovian planets detected by radial velocity
observations.
It is particularly interesting that the observations pick
out the value; Mc,crit0 = 5M⊕. This best fit model is
the fiducial case shown on the left panel of Figure 3. If
we examine the PFF for the exo-Jupiter curve in the top
panel of this Figure, we note that at solar metallicity, the
most probably core mass of such a planet is,
〈Mc,crit〉 ≃ 5M⊕ (11)
which is the value of our parameter, Mc,crit0. There-
fore our best fit critical core mass parameter - given the
available data on the distributions of metallicities of Jo-
vian planets - is indeed behaving like a physical critical
core mass in our model. This shows that our model is
internally self-consistent.
6. DISCUSSION
Our parameter study has a number of implications
for observed solar and extrasolar planets including our
own Jupiter as well as super-Earth planets. Two of our
general conclusions; that the dense population of Jovian
planets at 1AU is a consequence of planet trap dynam-
ics and not metallicity; and that the critical core mass
for runaway gas accretion is fundamental for our models,
may be both open to future direct observational tests. In
addition it is interesting to reconsider formation mecha-
nism of hot Jupiters, based on our calculations. We dis-
cuss these implications of our models, as well as caveats.
6.1. The mass of Jupiter’s core
If our own Jupiter can be regarded as a typical member
of the exo-Jupiter population, then our model predicts
that it likely has a core mass of the order of 5 M⊕. Can
this be justified?
On the theoretical side, we recall that Mc,crit0 is di-
rectly related to the opacity in the planetary envelope
(equation (2), also see Hori & Ikoma 2010). A value
of 5M⊕ implies that the grain opacity in the atmo-
sphere of forming Jupiters must have a characteristic
value that is more than one order of magnitude lower
than the canonical value; κ ≃ 0.06 g cm−2. Recently,
Movshovitz & Podolak (2008) have shown through nu-
merical simulations that the resultant opacity in plan-
etary atmospheres is very unlikely to depend strongly
on the metallicity of accreting materials. This suggests
that the growth and subsequent settling of dust grains
in the envelope play an important role in lowering the
grain opacity there. Such effects are in fact confirmed
by Movshovitz et al. (2010), wherein more complete cal-
culations of planetary atmospheres coupled with grain
growth and settling there were undertaken. This detailed
study implies that the grain opacity can be reduced to
≤2 % of the conventional value (equivalently a factor of
≥ 50). Note that the difference in the value of κ may not
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Figure 4. The resultant PFFs and the mean mass of planetary cores as a function of the metallicity (as Figure 3, also see Table 4).
The results for Run A (Mc,crit0 = 3M⊕, c = 8, and d = 2.5) are shown in the upper, left panel, those of Run B (Mc,crit0 = 10M⊕,
c = 9, and d = 2) are on the upper, right panel, those of Run C (Mc,crit0 = 10M⊕, c = 10, and d = 3) are on the lower, left panel,
and those of Run D (Mc,crit0 = 10M⊕, c = 10, and d = 3.5) are on the lower, right panel. Although all these results of the PFFs
are very similar to the case of Mc,crit0 = 5Mc,crit0, c = 9, and d = 3, the degeneracies can be resolved if the position and the
number of TMs are examined in detail (see the vertical lines).
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Figure 5. The comparison of our results with the radial velocity observations. The number of the hot and exo-Jupiters is replotted
in the histogram (also see Figure 1). The values of TMs for both the hot and exo-Jupiters are also shown (see the vertical lines,
also see Table 4). The dashed lines denote for the case of Mc,crit0 = 3M⊕, c = 8, and d = 2.5, the solid ones are for the case of
Mc,crit0 = 5M⊕, c = 9, and d = 3, and the dotted ones are for the case of Mc,crit0 = 10M⊕, c = 10, and d = 3. Note that the
dashed line on the right panel completely match the solid line. Our results imply that the currently available data of exoplanets
are likely to be fitted well by Mc,crit0 that is smaller than 10M⊕.
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be crucial because the dependence of κ in equation (2)
is very shallow. In fact, the recent population synthesis
calculations suggest that, while it is very likely that the
grain opacity in the planetary atmosphere is much lower
than the ISM value, it is very difficult to constrain κ
sharply due to such dependence (Mordasini et al. 2014).
In addition, our results show that the PFFs of low
mass planets for the case of Mc,crit0 = 5Mc,crit0 are less
sensitive to those for Mc,crit0 = 10Mc,crit0 (see Figures 3
and 4). It is interesting that 〈Mc,crit〉 of low mass planets
for both cases of Mc,crit0 is very similar, which is about
2 − 4M⊕ (see Figures 3 and 4). This indicates that it
may be difficult to derive invaluable constraints on the
core mass of Jovian planets by examining the mass of
super-Earths and hot Neptunes.
Detailed numerical simulations of planetary envelopes
show that the accretion of solid materials can pro-
ceed efficiently in the final, runaway gas accre-
tion phase (Pollack et al. 1996; Hubickyj et al. 2005;
Movshovitz et al. 2010). Based on the orbital integration
of planetesimals around a planet done by Shiraishi & Ida
(2008), the additional accumulation of the solids can be-
come about serval M⊕. Thus, a 5 M⊕ core mass for the
Jupiter estimated by our model is obviously the lower
limit.
6.2. Origins of hot Jupiters
As discussed above, the hot Jupiters are produced
as a consequence of the orbital migration induced by
planet-disk interactions in our model. In fact, the
first discovery of the massive planet around the Sun-
like star (Mayor & Queloz 1995) invokes the impor-
tance of gas-induced planetary migration (Lin et al.
1996). On the other hand, the recent observations of
the Rossiter-McLaughlin effect have detected close-in
massive planets whose orbital planes are strongly mis-
aligned with those of their host stars (e.g., Triaud et al.
2010; Winn et al. 2010). It is suggested that such mis-
alignment can be understood by planet-planet interac-
tions with the aid of convergent gas-induced migration
and/or the Kozai mechanisms combined with stellar tides
(e.g., Fabrycky & Tremaine 2007; Nagasawa et al. 2008;
Chatterjee et al. 2008). In addition, the recent exo-
planet observations infer that the formation of the hot
Jupiters in higher metallicity disks may be more effi-
cient than our results predict (e.g., Santos et al. 2000;
Fischer & Valenti 2005; Dawson & Murray-Clay 2013).
Furthermore, the hot Jupiters are subject to the expo-
sure of the strong irradiation of the host stars which can
considerably affect the composition and the structure of
the atmosphere of the planets (e.g., Seager & Deming
2010). In order to fully understand origins of the hot
Jupiters, it is therefore important to consider additional
physical processes that will occur after the dissipation of
gaseous disks in which gas giant formation (including the
hot Jupiters) predominately proceeds.
6.3. Implications for low-mass planets in tight orbits -
super-Earths
How do low-mass planets form? Our results on the
critical core mass of massive planets of 5M⊕ have im-
portant implications for low-mass planets in tight orbits
such as super-Earths.
Currently, there are probably two main ideas to un-
derstand the formation of low-mass planets: one is that
they form in-situ, the other is that they are formed in
the outer part of disks and migrate to the current po-
sition. Since the former scenario considers mergers of
embryos and planetesimals as the main assembly pro-
cess to form super-Earths (e.g., Hansen & Murray 2013;
Chiang & Laughlin 2013), the finally formed planets are
predicted to be scaled-up version of rocky planets like our
Earth. The latter picture emphasizes that such low-mass
planets can form by the same mechanism as gas giants,
and that therefore they are essentially failed cores of gas
giants and/or mini-gas giants (e.g., Rogers et al. 2011,
HP12, HP13). Note that the in-situ scenario requires
unusually large amount of solids in the inner part of
disks, so that it is very likely that some kind of migration
would be needed to transport embryos of planets from
the outer to the inner part of disks (e.g., Ogihara & Ida
2009; McNeil & Nelson 2010; Kretke & Lin 2012).
The statistical investigation presented in this paper can
provide additional insight into the failed core scenario.
We predict that any core mass beyond 5M⊕ will have an
increasing gaseous component, since gas accretion takes
place efficiently whenMc > Mc,crit(≃ 5M⊕). As a result,
we can expect that super-Earths beyond 5M⊕ will not be
composed of pure solid cores, but will have a greater ad-
mixture of gas as one goes from 5−10M⊕. This may give
a clue to understand the recent results of the Kepler ob-
servations which derive a new empirical relation between
planetary mass and radius that infers that the composi-
tion of super-Earths may change from solid materials to
gaseous ones around the radius of planets, R ≃ 1.5R⊕
(equivalently the mass of planets, Mp ≃ 5M⊕ using the
relation) (Weiss & Marcy 2014; Marcy et al. 2014).
Note that low-mass planets in tight orbits are antic-
ipated to be influenced by stellar irradiation like hot
Jupiters, which affects the abundance and the volume
of the atmosphere (Rogers et al. 2011; Lopez et al. 2012;
Lopez & Fortney 2013). Thus, it would also be impor-
tant to consider the evolution of such planets to inter-
prets their current properties more accurately.
6.4. Hierarchy of planetary types
Combining our results with the above discussion, we
suggest the following hierarchy for planets formed in pro-
toplanetary disks.
• Massive planets (Mp ≥ 10M⊕): cores (≃ (f +
5)M⊕) + massive envelopes (≥ 5M⊕).
• Intermediate-mass planets (5M⊕ ≤ Mp ≤ 10M⊕):
cores (≃ 5M⊕) + low-mass envelopes (< 5M⊕).
• Low-mass planets: only cores (Mp ≤ 5M⊕).
Note that f in the core mass of massive planets arises
from the additional capture of solid materials during the
runaway gas accretion (see Section 6.1).
In the hierarchy, the difference between gas giants like
the Jupiter and sub-giants like the Neptune originates
from the timing of disk dissipation. It determines the
timescale during which growing planets can accrete the
disk gas. Thus, when planets are formed in the later
phase of disk evolution, they tend to be sub-giants. The
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regime of super-Earths covers both the intermediate and
the low-mass planets. This implies that they can be re-
gard as both failed cores of gas giants as well as massive
Earths. It is therefore expected that the composition
of them would be diverse. Interestingly, Buchhave et al.
(2014) have recently examined the Kepler data as a func-
tion of metallicity, and inferred that there are likely to
be three types of exoplanets with different compositions.
Although more observational data would be needed, our
proposed hierarchy roughly corresponds to their classifi-
cation, by converting the planetary size to the mass using
an empirical mass-radius relation. More detailed studies
are obviously required for examining the proposed hier-
archy.
6.5. Caveats
There are two caveats for our results. The first is re-
lated to the state of the observational data sets that we
have employed. The currently available observations of
exoplanets, especially around low metallicity stars, may
still be highly biased even for the most successful radial
velocity methods. Thus, it is very important to con-
duct intensive surveys of exoplanets, especially orbiting
around stars with [Fe/H]≃ −0.2 to -0.4, to create a more
complete sample of the distribution of massive planets
at these values of [Fe/H]. This would be invaluable infor-
mation for our model, since it would allow us to better
constrain the parameter values, using the approach that
we have outlined here. As a concrete example, if more
data were to fill out the metallicity distribution in Figure
5 for the hot Jupiters towards lower values of the metal-
licity, this would tend to push the value of Mc,crit0 to-
wards a higher values like 10M⊕. In addition, more data
for metal-poor stars may clarify the difference in the dis-
tribution of massive planets: the observed hot Jupiters
show a sharp transition in Figure 5 whereas, for the exo-
Jupiters, neither the computed PFFs nor the observed
ones show such a sharp trend.
The second has to do with our theoretical evolution-
ary tracks. We have adopted an approximation, in com-
mon with the Ida & Lin models that gas accretion onto
critical cores occurs at a rate that is governed by the
Kelvin-Helmholtz timesscale (see equations (3) and (4)).
We find that the resulting masses of our Jovian planets
are underestimated by this approach. We hasten to note
that this is not likely to affect any of the conclusions
related to the PFFs as is shown by figure 4 in HP13.
There we found that even if the amount of accreted gas
onto planetary cores changes drastically, the high mass
regime did not significantly affect the PFFs. There is
some sensitivity however to the low mass planets, whose
PFFs are an overestimate if accretion rates are increased.
We note that other authors have adopted what is surely
an extreme upper limit to the planet accretion rate -
namely the full disk accretion rate (e.g., Mordasini et al.
2009). In that limit, there is of course no problem to
form very massiveJupiters, although the low mass plan-
ets are entirely missed. More theoretical work is needed
to formulate a more accurate description of the physics of
late-phase gas accretion (also see Hasegawa & Ida 2013,
for a recent discussion).
7. CONCLUSIONS
We have investigated quantitatively the sensitivity of
the core accretion scenario to metallicity with the goal of
understanding the planet-metallicity correlation. To this
end, we have adopted a semi-analytical model that was
developed in a series of our papers (HP11, HP12, HP13),
wherein evolutionary tracks of planets growing in planet
traps are constructed. We have considered three types
of planet traps: dead zones, ice lines and heat transi-
tions (HP11). As in HP13, we have utilized the tracks
for estimating PFFs that are calibrated in specific zones
in the mass-semimajor axis diagram. An important as-
pect of building models of Jovian planet formation is the
origin of planetary cores and their sensitivity to metal-
licity, and we have constructed a very useful approach
for studying this as well. In this paper, we have focused
on three zones in the mass-semimajor axis diagram, in
which most dominant exoplanet populations are located
(see Table 1). We have computed the PFFs as well as the
behavior of the critical core masses (Mc,crit) for planets
that end up in these three zones, as a function of the
metallicity. In our formalism, the change of metallicity
is directly related to the variation of the dust density in
disks (see equation (8)). We list our conclusions below.
1. The PFFs of the exo-Jupiters are higher than those
of the hot Jupiters for a wide range of metallicity
(see the top panels of Figures 3 and 4). This is
consistent with the findings of HP12. Thus, we
can conclude that planet traps coupled with core
accretion lead to a denser population of gas gi-
ants around 1 AU, and a smaller population of hot
Jupiters, for the entire range of metallicities.
2. The PFFs of both the hot and exo-Jupiters have
low values at low metallicity and rise rather steeply
through this regime. At transition metallicities
(TMs) of the ranges [Fe/H]≃ −0.2 to -0.4, the
PFFs of both the hot and exo-Jupiters start to level
off and are less sensitive to increasing metallicity
(see the top panels of Figures 3 and 4). The PFFs
for low mass planets, on the other hand, dominate
the population at the lowest metallicities, undergo
a dip in the trend as metallicity increases through
the transition range, and then rise up to the initial
value at higher metallicity.
3. The total PFFs undergo a steadily increasing
trend, with no strong features, as the metallicity
increases. These results are in excellent agreement
with the general planet-metallicity relation.
4. We have shown that the trend is valid for a wide
range of Mc,crit0 that is a parameter in our model
involved with the onset of gas accretion (see equa-
tion (2)). We have clarified the trend by plotting
the mean critical mass of planetary cores (〈Mc,crit〉,
see equation (10)) - the trend is a direct reflection of
〈Mc,crit〉 which is an increasing function of metal-
licity. As a result, the formation of gas giants pro-
ceeds more efficiently for higher metallicity disks.
5. The behaviour of the PFFs of both the Jovian plan-
ets is different for different values of Mc,crit0, es-
pecially for the low metallicity environment (see
Figure 3). We have found that for the case of
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Mc,crit0 = 5M⊕ the PFFs of the hot and exo-
Jupiters drop rapidly around [Fe/H]hot ≃ −0.1 and
[Fe/H]exo ≃ −0.2, respectively whereas those of the
hot Jupiters may decrease around [Fe/H]hot ≃ −0.5
for the case of Mc,crit0 = 10M⊕. We have shown
that the rapid decrement is understood by com-
paring 〈Mc,crit〉 for massive planets and low mass
planets. This is because 〈Mc,crit〉 of low mass plan-
ets gives the threshold mass of planetary cores that
can eventually grow to gas giants. Thus, the com-
parisons enable one to define TMs below which the
PFFs of massive planets decline sharply.
6. We performed a parameter study in the efficiency
of planetary growth. More specifically, we have
varied the values of Mc,crit0, c, and d (see equa-
tions (1) and (3), also see Table 4), and examined
how our results are altered. We have found that
the overall features of the PFFs of the both hot
and exo-Jupiters are very similar if the condition
Mc,crit0 ≃ Mc,min is satisfied (see equation (5)).
Nonetheless, TMs behave differently for different
sets of Mc,crit0, c, and d (see Figure 4).
7. The best fit of the parameters to the extant obser-
vational data on planetary metallicity distributions
is; Mc,crit0 = 5M⊕, c = 9, and d = 3. The degen-
eracies discussed above may be able to be resolved
if the features of TMs are investigated in detail.
Thus, future observations of exoplanets, especially
around [Fe/H]= −0.2 to -0.4 are crucial for con-
straining these three quantities.
8. The PFFs of low-mass planets do not decrease
steadily with decreasing metallicities (see the bot-
tom panels of Figures 3 and 4). In our model, such
planets are formed as ”failed” cores of gas giants
and/or mini-gas giants, implying that a large frac-
tions of observed super-Earths and hot Neptunes
may be formed by the same mechanism forming
massive planets. We suggest on this basis, that
SuperEarths exceeding 5M⊕ will increasingly have
gas contributions to their structure.
Thus, we have shown that the standard core accretion
scenario linked with planet traps in disks shows that Su-
perEarths and low mass planets are the dominant pop-
ulations at low metallicity that provide the foundations
for building bigger cores and gas giants as the dust to
gas ratio increases. In a subsequent paper, we will ex-
amine the effects of the stellar mass on the PFFs and
planet-metallicity correlation.
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APPENDIX
A: SEMI-ANALYTICAL MODEL FOR THE EVOLUTION OF FORMING AND MIGRATING PLANETS AT PLANET TRAPS
Here we briefly describe our prescription for forming planets at planet traps. Table 5 summarizes physical quantities
and model parameters involved with our model (also see Table 2). As discussed below, the most uncertain parameter,
that may affect our results, is ffin (see Equation (A7)). It is also emphasized that, except for the choice of ffin, there
is no adjustment for any physical process for generating planetary populations.
The formation of planetary cores is determined by the growth timescale that is derived from the oligarchic growth,
which is given as (Kokubo & Ida 2002, also see Table 5 for the definition of quantities)
τc,acc≃ 1.2× 10
5 yr
(
Σd
10 g cm−2
)−1(
r
r0
)1/2(
Mc
M⊕
)1/3(
M∗
M⊙
)−1/6
(A1)
×
[(
b
10
)−1/5 (
Σg
2.4× 103 g cm−3
)−1/5(
r
r0
)1/20(
m
1018 g
)1/15]2
.
Two parameters are present in this timescale: b and m. Detailed N-body simulations show that b ≃ 10 (e.g.,
Kokubo & Ida 2002) whereas the timescale is obviously insensitive to the value ofm. Adopting the timescale, planetary
cores grow with time as follows;
dMp
dt
=
Mp
τc,acc
. (A2)
The core formation proceeds until the computed core mass, Mc, exceeds the critical mass of planetary cores, Mc,crit.
As discussed in Section 2, Mc,crit is a function of the accretion rate of planetesimals by the cores. In the limit of the
modest to high velocity dispersion σ of planetesimals that are accreted onto the cores, M˙c can be given as (Safronov
1972; Ida & Lin 2004a)
M˙c ∼ 2pi
(
Rc
r
)(
Mc
M∗
)(
rΩ
σ
)2
Σdr
2Ω. (A3)
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Table 5
Additional quantities in our model
Symbol Meaning Values
Physical quantities
Mc The mass of planetary cores computed, following their tracks
Rc The radius of planetary cores (see Equation (A5))
Mc,sio The isolation mass of planetary cores (see Equation (A6))
τc,acc The growth timescale for planetary cores (see Equation (A1))
Ω Orbital frequency
σ Velocity dispersion of planetesimals
△rc The feeding zone of forming planetary cores (= brH)
rH The Hill radius of planetary cores (= (Mc/(3M∗))
1/3)
H Disk pressure scale height
ν Disk viscosity (= αH2Ω)
Mgap The gap-opening mass (see Equation (A8))
Mfin The final mass of planets above which planetary growth is terminated (see Equation (A7))
Tm0 Midplane temperature at r = R∗ (≃ (1/H)2/7((C¯2T∗R∗)/M∗)1/7T∗)
Model parameters1
ρc The mean density of growing cores 5.5 g cm−3
b A parameter for regulating the feeding zone 10
m The mass of planetesimals accreted by planetary cores 1018 g
ffin Final mass of planets (see Equation (A7)) 10 (> 5)
ΣA0 Surface density of active regions at r = r0 20 g cm
−2 (5 ≤ ΣA0 ≤ 50)
sA Power-law index of ΣA(∝ r
sA) 3 (1.5 ≤ sA ≤ 6)
αA Strength of turbulence in the active zone 10
−3 (αA ≤ 10
−3)
αD Strength of turbulence in the dead zone 10
−4 (αD ≤ 10
−4)
t Power-law index of the disk temperature (T ∝ rt) -1/2
1 As discussed in Appendix A, the variation of most parameters does not affect our results.
The most uncertain parameter in the model may be ffin (see Section 6.5, also see HP13).
Since planetesimals within the feeding zones can reach cores when σ/Ω ∼ △rc(= brH), M˙c can be re-written as
M˙c ∼ 3.0× 10
−8M⊕ yr
−1
(
b
10
)−2(
ρc
5.5 g cm−3
)−1/3(
Mc
M⊕
)2/3(
M∗
M⊙
)−1/3(
Σd
10 g cm−2
)(
r
r0
)(
yr
1/Ω
)
, (A4)
where it is assumed that Rc be similar to that of the Earth;
Rc = 6.4× 10
8 cm
(
Mc
M⊕
)1/3(
ρc
5.5 g cm−3
)−1/3
. (A5)
In addition to b, Equation (A4) contains another parameter, ρc. Nonetheless, it is obvious that the choice of ρc does
not change the resultant value of M˙c very much. In our computations, the value of M˙c varies with time both through
the orbital change of migrating planets as well as through the effects of time evolution of disks. Also, M˙c is set zero
once all the planetesimals in their feeding zones are consumed, and hence planetary cores attain the so-called isolation
mass, which is defined by (Kokubo & Ida 2002; Ida & Lin 2004a)
Mc,iso = 2pir△rcΣd ≃ 0.16M⊕
(
b
10
)3/2(
Σd
10 g cm−2
)3/2 (
r
r0
)3(
M∗
M⊙
)−1/2
. (A6)
The subsequent gas accretion is already discussed in Section 2, which is regulated by the Kelvin-Helmholtz timescale
(see Equation (3)). The mass growth of planets is terminated when the planets obtain the final mass that is defined
by (HP13)
Mfin ≡ ffinMgap, (A7)
where the gap opening mass (Mgap) is given as
Mgap = min

3(H
r
)3
,
√
40α
(
H
r
)5M∗. (A8)
The choice of a free parameter, ffin(> 1), is motivated by the recent numerical studies which show that a con-
siderable amount of gas flows into the gap even after a clear gap is open in the gas disks (e.g., Lubow et al. 1999;
Lubow & D’Angelo 2006), which may lead to further growth of planets. A parameter study undertaken by HP13
shows that the resultant PFFs for the Jovian planets are insensitive to the value of ffin if ffin > 5 whereas those for
the low-mass planets are very likely to be affected by varying ffin (also see Section 6.5).
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Table 6
Properties of planet traps
Planet trap Position Condition Dust density
Dead Zone rdz
r0
=
(
M˙
3pi(αA+αD)ΣA0H
2
0
Ω0
)1/(sA+t+3/2)
N/A Σd,dz ≈
2M˙fdtg
3pi(αA+αD)H
2Ω
Ice line
r
il,H2O
r0
=
[
1
T12m (ril,H2O
)
C¯1κ¯ilΩ
3
0
αD
(
M˙
3pi
)2]2/9 r
il,H2O
rdz
>
(
H
r
(rdz)
αA+αD
αA−αD
)1/(sA+t/2+1)
Σd,il ≈
M˙fdtg
3piαAH
2Ω
Heat transition rht
r0
=
[
1
Tm0
(
r0
R∗
)3/7 ( C¯1κ¯htΩ30
αA
(
M˙
3pi
)2)1/3]14/15
rht > rdz Σd,ht ≈
M˙fdtg
3piαAH
2Ω
Note that there are five constants here: two of which are C¯1 = 1.48× 10−4 in cgs units and C¯2 = 5.38× 1014 in cgs units, another
two of which are involved with the opacity law (Bell & Lin 1994); κ¯il = 2 × 10
16 cm2 g−1 and κ¯ht = 2 × 10
−4 cm2 g−1, the last
of which is the condensation temperature of water, Tm(ril,H2O) = 170 K. Also see Tables 2 and 5 for the definition of variables.
The orbital evolution of growing planets is prescribed by two kinds of planetary migration (HP12). When proto-
planets undergo core formation as well as slow gas accretion, the movement of planet traps determines the change of
the position of the protoplanets. Specifically, the position of planet traps is used as that of trapped protoplanets (see
Table 6). This occurs because the mass of protoplanets is generally smaller than the gap-opening mass (see Equation
(A8)), so that the protoplanets are considered as rapid type I migrators that will be halted at planet traps (HP11). It
is assumed that planet traps are effective all the time for protoplanets whose masses are smaller than the gap-opening
mass.
The properties of planet traps are summarized in Table 6 (also see Table 5). Note that the dust density given there
is used for calculating τc,acc and M˙c when protoplanets are trapped at one of the traps. Five parameters are required
to define them: ΣA0, sA, αA, αD, t. Most of the parameters are relevant to the structure of dead zones (HP11). Our
previous study shows that the resultant PFFs are qualitatively similar when 5 ≤ ΣA0 ≤ 50, 1.5 ≤ sA ≤ 6, αA ≤ 10
−3,
and αD ≤ 10
−4 (HP13). For the value of t, many observations and theoretical calculations suggest that t = −1/2
(e.g., Hartmann et al. 1998; D’Alessio et al. 1998). Thus, a specific choice of these five parameters is very unlikely to
affect our conclusions.
Once the protoplanets achieve the gap-opening mass, they drop-out from their host traps and undergo type II
migration (HP12). There are two modes in type II migration, depending on the mass ratio of planets (Mp) to the
total disk mass within the position of the planets (2piΣgr
2) (e.g., Hasegawa & Ida 2013). When Mp < 2piΣgr
2, type
II migration proceeds as the gas disks evolve. As a result, the planets move inwards with the velocity written as
vmig,II ≃ −
ν
r
. (A9)
When the opposite situation is established, which generally occurs in the late stage of disk evolution, the type II
migration rate slows down due to the inertia of the planets (Syer & Clarke 1995; Ivanov et al. 1999). Eventually, the
velocity of the planets becomes (Hasegawa & Ida 2013)
vmig,slowII ≃ −
ν
r
2piΣgr
2
Mp
. (A10)
Note that the value of αA (αD) is adopted for quantifying ν when the planets are beyond (within) dead zones.
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